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Generators for abelian extensions of number fields
Ja Kyung Koo and Dong Hwa Shin∗
Abstract
Let U/L be a finite abelian extension of number fields. We first construct a
universal primitive generator of U over L whose relative trace to any intermediate
field F becomes a generator of F over L, too. We also develop a similar argument
in terms of norm. As its examples we investigate towers of ray class fields over
imaginary quadratic fields. And, we further present a new method of finding a
normal element for the extension U/L.
1 Introduction
Let U/L be a finite abelian extension of number fields. If F is an intermediate field of
U/L, then it is also an abelian extension of L by Galois theory. Furthermore, we have a
primitive generator of F over L by the primitive element theorem (see also [6, Theorems
8.2 or 8.4]). In this paper we shall first show that there exists a universal generator α of
U over L for which its relative trace TrU/F (α) becomes a generator of F over L (Theorem
2.2), too. And, for a field tower L = F0 ≤ F1 ≤ F2 ≤ · · · ≤ Ft = U we shall also
construct an element β of U whose relative norm NU/Fk(β) generates Fk over L for each
index 1 ≤ k ≤ t (Theorem 4.2).
LetK be an imaginary quadratic field other than Q(
√−1) and Q(√−3). For a nonzero
integral ideal f of K, we denote by Kf the ray class field of K modulo f. Let p be an odd
prime and n (≥ 2) be an integer. Then it is well-known ([8, Chapter 10, Corollary to
Theorem 7]) that K(pn) is generated by the special value of a Fricke function over K(p).
As one example of Theorem 2.2 we shall construct a generator α of K(pn) over K(p) whose
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relative trace TrK(pn)/K(pm)(α) also generates K(pm) over K(p) for each integer 2 ≤ m ≤ n
(Theorem 3.5). And, let N1, N2, . . . , Nt (t ≥ 1) be a sequence of integers such that N1 ≥ 2
and N1|N2| · · · |Nt. As for another example of Theorem 4.2 we shall construct an element
β of K(Nt) whose relative norm NK(Nt)/K(Nk)(β) generates K(Nk) over K for each index
1 ≤ k ≤ t (Example 4.3), which is relatively simpler than the work of Ramachandra
([11]).
On the other hand, the normal basis theorem ([17, §8.11]) guarantees the existence of
an element α ∈ U whose Galois conjugates over L form a basis for U over L as a vector
space. We call such an element α a normal element for U/L. Although one can find a
primitive generator for U/L, not much seems to be known until now how to construct
such a normal element. For instance, Okada ([9]) constructed in 1980 a normal element
of the maximal real subfield of Q(e2πi/q) over Q by extending Chowla’s work ([1]) with
cotangent function. See also [10]. After Okada, Taylor ([16]) and Schertz ([12]) established
Galois module structures of ring of integers of certain abelian extensions of an imaginary
quadratic field and also found a normal element by making use of special value of modular
function. And, Komatsu ([4]) further considered certain abelian extensions U and L of the
cyclotomic field Q(e2πi/5) and constructed a normal element for U/L in terms of special
value of Siegel modular function. Unlike their works, however, we shall present a relatively
simple new formula of constructing a normal element for U/L by using a lemma developed
in [3] which can be deduced from the Frobenius determinant relation (Theorem 5.3).
2 Generators from relative traces
First, we shall present a simple lemma.
Lemma 2.1. Given a sequence of ℓ (≥ 1) nonnegative integers
N1, N2, . . . , Nℓ,
we can construct a sequence of ℓ positive integers
M1,M2, . . . ,Mℓ
in view of N1, N2, . . . , Nℓ such that
(i) Mi ≥ 1 +Ni for each index 1 ≤ i ≤ ℓ,
(ii) gcd(Mi, Ni) = 1 for every index 1 ≤ i ≤ ℓ,
(iii) gcd(Mi,Mj) = 1 whenever i 6= j.
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Proof. Set M0 = 1 and
(1) Mi = 1 +Ni
i−1∏
k=0
Mk for 1 ≤ i ≤ ℓ.
Since M0 = 1 and Ni ≥ 0, the recursive formula (1) yields the property (i). Furthermore,
the relation
Mi −Ni
i−1∏
k=0
Mk = 1
induced directly from (1) enables us to have the properties (ii) and (iii).
Let U be a finite abelian extension of a number field L with [U : L] ≥ 2. Let
L < F1, F2, . . . , Fℓ ≤ U
be (all of) its intermediate subfields properly containing L. Since U/L is an abelian
extension, so is Fi/L (1 ≤ i ≤ ℓ) by Galois theory. Furthermore, there is a nonzero
algebraic integer αi that generates Fi over L by the primitive element theorem. We set
N = [U : L]
ℓ∏
i=1
|NL/Q(disc(αi, Fi/L))|,
which is a positive integer, and take
M0 = 1 and Mi = 1 +N
i−1∏
k=0
Mk (1 ≤ i ≤ ℓ).
Then the sequence M1,M2, . . . ,Mℓ satisfies the properties (i)∼(iii) in Lemma 2.1 with
Ni = N (1 ≤ i ≤ ℓ). Now we consider the element
(2) α =
ℓ∑
i=1
αi
Mi
∈ U.
Theorem 2.2. The relative trace
TrU/Fi(α)
generates Fi over L for each index 1 ≤ i ≤ ℓ.
Proof. On the contrary, suppose that TrU/Fj (α) does not generates Fj over L for
some index 1 ≤ j ≤ ℓ. Then there is an element ρ ∈ Gal(Fj/L) with ρ 6= id fixing
TrU/Fj (α). We then obtain by the definition (2) and the fact TrU/Fj(α)
ρ = TrU/Fj(α) that
TU/Fj (αj)
ρ
Mj
+
∑
1≤i≤ℓ
i 6=j
TU/Fj (αi)
ρ
Mi
=
TU/Fj (αj)
Mj
+
∑
1≤i≤ℓ
i 6=j
TU/Fj (αi)
Mi
.
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And, we further derive that∑
1≤i≤ℓ
i 6=j
1
Mi
(TrU/Fj (αi)
ρ − TrU/Fj (αi)) =
1
Mj
(TrU/Fj(αj)− TrU/Fj(αj)ρ)
=
1
Mj
[U : Fj](αj − αρj ) because αj ∈ Fj .
Multiplying both sides by M1M2 · · ·Mℓ we get
Mj
∑
1≤i≤ℓ
i 6=j
M1M2 · · ·Mℓ
MiMj
(TrU/Fj(αi)
ρ − TrU/Fj(αi)) =
M1M2 · · ·Mℓ
Mj
[U : Fj ](αj − αρj ).
Here, we note that the left hand side is an algebraic integer divisible by an integer Mj
(≥ 2), whereas the right hand side is a nonzero algebraic integer prime to Mj because
ρ 6= id, gcd(Mj , N) = 1 and gcd(Mi,Mj) = 1 if i 6= j. This yields a contradiction.
Therefore, we conclude that TrU/Fi(α) generates Fi over L for each index 1 ≤ i ≤ ℓ.
Remark 2.3. We can replace N by any positive integer divisible by all prime factors
of N .
3 Towers of class fields
For each positive integer N let FN be the field of all meromorphic modular functions of
level N whose Fourier coefficients belong to Q(ζN) with ζN = e
2πi/N . As is well-known [13,
§6.2] the elliptic modular function j generates F1 over Q, and FN is a Galois extension
of F1 whose Galois group is isomorphic to GL2(Z/NZ)/{±I2}.
For a lattice Λ = [τ1, τ2] in C, the Weierstrass ℘-function relative to Λ is defined by
℘(z; Λ) =
1
z2
+
∑
ω∈Λ−{0}
{
1
(z − ω)2 −
1
ω2
}
(z ∈ C).
Let N (≥ 2) be an integer and
[
r
s
]
∈ (1/N)Z2−Z2. We define the Fricke function f[ rs ](τ)
by
(3) f[ rs ]
(τ) =
g2(τ)g3(τ)
g2(τ)3 − 27g3(τ)2℘[ rs ](τ) (τ ∈ H),
where
gk(τ) = 60
∑
ω∈[τ,1]−{0}
1
ω2k
(k = 2, 3) and ℘[ rs ]
(τ) = ℘(rτ + s; [τ, 1]).
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Furthermore, we define the Siegel function g[ rs ]
(τ) by
g[ rs ]
(τ) = −q(1/2)(r2−r+1/6)eπis(r−1)(1− qre2πis)
∞∏
n=1
(1− qn+re2πis)(1− qn−re−2πis),
where q = e2πiτ . Observe that it has neither zeros nor poles on H. Then, f[ rs ]
(τ) and
g[ rs ]
(τ)12N belong to FN and satisfy the transformation rules
(4) f[ rs ]
(τ)γ = ftγ[ rs ]
(τ) and (g[ rs ]
(τ)12N )γ = gtγ[ rs ]
(τ)12N
, respectively, for all γ ∈ Gal(FN/F1) ≃ GL2(Z/NZ)/{±I2} ([8, Chapter 6, §2–3] and [3,
Proposition 3.4]).
Lemma 3.1. Let
[
r1
s1
]
,
[
r2
s2
]
∈ (1/N)Z2−Z2 for an integer N (≥ 2) such that
[
r1
s1
]
6≡
±
[
r2
s2
]
(mod Z2). Then we have the relation
℘[ r1s1 ]
(τ)− ℘[ r2s2 ](τ) = −
g[ r1+r2
s1+s2
](τ)g[ r1−r2
s1−s2
](τ)η(τ)4
g[ r1s1 ]
(τ)2g[ r2s2 ]
(τ)2
,
where
η(τ) =
√
2πζ8q
1/24
∞∏
n=1
(1− qn).
Proof. See [7, p.51].
Let K be an imaginary quadratic field of discriminant dK . We set
(5) θK =
dK +
√
dK
2
,
and denote by HK and K(N) the Hilbert class field of K and the ray class field of K
modulo (N) for a positive integer N , respectively.
Lemma 3.2. Let N ≥ 2. By the main theorem of complex multiplication we have the
followings.
(i) HK = K(j(θK)).
(ii) K(N) = K(h(θK) | h ∈ FN is finite at θK).
(iii) If K 6= Q(√−1), Q(√−3), then K(N) = HK(f[ 0
1/N
](θK)) = K(g[ 0
1/N
](θK)12Nn) for
any nonzero integer n.
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Proof. (i) See [8, Chpater 10, Theorem 1] or [13, Theorem 5.7].
(ii) See [8, Chapter 10, Corollary to Theorem 2].
(iii) See [8, Chapter 10, Corollary to Theorem 7] and [3, Theorem 4.2].
In what follows we let K 6= Q(√−1), Q(√−3) until §5.
Lemma 3.3 (Shimura’s reciprocity law). Let N ≥ 2 and let x2+Bx+C ∈ Z[x] be the
minimal polynomial of θK over Q. Then the matrix group
WK,N =
{[
u−Bv −Cv
v u
]
∈ GL2(Z/NZ) | u, v ∈ Z/NZ
}
gives rise to the isomorphism
WK,N/{±I2} −→ Gal(K(N)/HK)
α 7→ (h(θK) 7→ hα(θK) | h ∈ FN is finite at θK).
Proof. See [15, §3].
Let p be an odd prime and let n (≥ 2) be an integer. We then have a tower of ray
class fields
K(p) < K(p2) < · · · < K(pn)
with
(6) [K(pm+1) : K(pm)] = p
2 (1 ≤ m ≤ n− 1)
[7, Chapter VI, Theorem 1].
For each positive integer m we define a function
(7) fm(τ) = p
2(m+1)
f[ 0
1/pm
](τ)− f[ 1/p
0
](τ)
f[ 0
1/p
](τ)− f[ 1/p
0
](τ)
that belongs to Fpm.
Lemma 3.4. Let
[
r
s
]
∈ (1/N)Z2 − Z2 for an integer N (≥ 2). Then we get the
followings:
(i) g[ rs ]
(θK) and Ng[ rs ]
(θK)
−1 are algebraic integers dividing N .
(ii) fm(θK) is an algebraic integer which generates K(pm) over K(p).
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(iii) |NK(p)/Q(disc(fm(θK), K(pm)/K(p)))| is a power of p.
Proof. (i) See [5, §3] and [7, p.45, Example].
(ii) Since K(p) = HK(f[ 0
1/p
](θK)) and K(pm) = HK(f[ 0
1/pm
](θK)) by Lemma 3.2(iii), we
achieve from the definition (7)
K(pm) = K(p)(fm(θK)).
On the other hand, we obtain by definition (3) and Lemma 3.1 that
fm(θK) = g[ 1/p
1/pm
](θK)g[−1/p
1/pm
](θK)g[ 0
1/p
](θK)2
×(pg[ 1/p
1/p
](θK)−1)(pg[−1/p
1/p
](θK)−1)(p2mg[ 0
1/pm
](θK)−2),
which yields that fm(θK) is an algebraic integer by (i).
(iii) Let σ ∈ Gal(K(pm)/K(p)) with σ 6= id. By Lemma 3.3 we may identify σ with an
element
[
u− Bv −Cv
v u
]
of GL2(Z/p
mZ), where min(θK ,Q) = x
2 + Bx + C. We
then see that
fm(θK)
σ − fm(θK)
= p2(m+1)
[(f[ 0
1/pm
](θK)− f[ 1/p
0
](θK)
f[ 0
1/p
](θK)− f[ 1/p
0
](θK)
)σ
−
f[ 0
1/pm
](θK)− f[ 1/p
0
](θK)
f[ 0
1/p
](θK)− f[ 1/p
0
](θK)
]
by the definition (7)
= p2(m+1)
[f[ 0
1/pm
](θK)σ − f[ 1/p
0
](θK)
f[ 0
1/p
](θK)− f[ 1/p
0
](θK)
−
f[ 0
1/pm
](θK)− f[ 1/p
0
](θK)
f[ 0
1/p
](θK)− f[ 1/p
0
](θK)
]
because σ leaves K(p) fixed
= p2(m+1)
f[ 0
1/pm
](θK)σ − f[ 0
1/pm
](θK)
f[ 0
1/p
](θK)− f[ 1/p
0
](θK)
= p2(m+1)
f[ v/pm
u/pm
](θK)σ − f[ 0
1/pm
](θK)
f[ 0
1/p
](θK)− f[ 1/p
0
](θK)
by Lemma 3.3 and (4)
= p2(m+1)
g[ v/p
(u+1)/pm
](θK)g[ v/p
(u−1)/pm
](θK)g[ 0
1/p
](θK)2g[ 1/p
0
](θK)2
g[ 1/p
1/p
](θK)g[−1/p
1/p
](θK)g[ v/pm
u/pm
](θK)2g[ 0
1/pm
](θK)2
by Lemma 3.1.
Since fm(θK) is an algebraic integer, this value is an algebraic integer, too. Moreover,
it divides a power of p by (i). Therefore, we conclude that |NK(p)/Q(disc(fm(θK), K(pm)/K(p)))|
is a power of p.
7
Theorem 3.5. Let n (≥ 2) be an integer. Set
M1 = 1 and Mm = 1 + p
m−1∏
k=1
Mk (2 ≤ m ≤ n),
and
α =
n∑
m=2
αm
Mm
with αm = fm(θK).
Then the relative trace
TrK(pn)/K(pm)(α)
generates K(pm) over K(p) for each integer 2 ≤ m ≤ n.
Proof. Note that the positive integer
[K(pn) : K(p)]
∏
2≤m≤n
|NK(p)/Q(disc(fm(θK), K(pm)/K(p)))|
is a power of p by (6) and Lemma 3.4(iii). Furthermore, since each fm(θK) (2 ≤ m ≤ n)
is an algebraic integer which generates K(pm) over K(p) by Lemma 3.4(ii), the assertion
follows from Theorem 2.2.
4 Generators from relative norms
Let U/L be a finite abelian extension of number fields, and consider a tower of fields
L = F0 ≤ F1 ≤ F2 ≤ · · · ≤ Ft = U (t ≥ 1)
with
dk = [Fk : Fk−1] (1 ≤ k ≤ t).
In this section we shall present an element β of U whose relative norm NFt/Fk(β) renders
a generator of Fk over F0 for each index 1 ≤ k ≤ m. First, we need a lemma.
Lemma 4.1. Let K be a number field and α be an algebraic integer for which K(α) is
Galois over K. Then, any nonzero power of 3α + 1 also generates K(α) over K.
Proof. Let n be a nonzero integer. Suppose on the contrary that K((3α + 1)n) is
properly contained in K(α). Then there exists an element ρ ∈ Gal(K(α)/K) with ρ 6= id
fixing (3α + 1)n. Since 3α + 1 6= 0, we get 3αρ + 1 = ζ(3α + 1) for some |n|-th root of
unity ζ ( 6= 1), from which it follows that
(8) 3(αρ − ζα) = ζ − 1 ( 6= 0).
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Since αρ − ζα is a nonzero algebraic integer, we see that
(9) |NK(α)/Q(3(αρ − ζα))| = 3d|NK(α)/Q(αρ − ζα)| ≥ 3d
where d = [K(α) : Q]. On the other hand, since any Galois conjugate of ζ − 1 over Q is
of the form ζs − 1 for some integer s and |ζs − 1| ≤ |ζs|+ 1 = 2, we obtain
|NK(α)/Q(ζ − 1)| ≤ 2d.
But, this contradicts (8) and (9). Therefore we achieve the lemma.
By the primitive element theorem, there is an algebraic integer βk which generates Fk
over Fk−1 for each index 1 ≤ k ≤ t. Furthermore, we may assume that
(10) Fk = Fk−1(β
n
k ) for any nonzero integer n
in the sense of Lemma 4.1
Theorem 4.2. With the notations as above, let
β = β1
t∏
s=2
βdss
NFs/Fs−1(βs)
.
Then, for any nonzero integer n the relative norm
NFt/Fk(β)
n
generates Fk over F0 for each index 1 ≤ k ≤ t.
Proof. We use the induction on m.
If t = 1, then we get β = β1, and so the assertion is obvious by (10).
Now, assume that the assertion holds for t = ℓ (≥ 1), and consider the case where
t = ℓ + 1. We then deduce that
NFℓ+1/Fℓ(β) = NFℓ+1/Fℓ
(
β1
ℓ+1∏
s=2
βdss
NFs/Fs−1(βs)
)
= NFℓ+1/Fℓ
(
β1
ℓ∏
s=2
βdss
NFs/Fs−1(βs)
)
NFℓ+1/Fℓ
(
β
dℓ+1
ℓ+1
NFℓ+1/Fℓ(βℓ+1)
)
=
(
β1
ℓ∏
s=2
βdss
NFs/Fs−1(βs)
)dℓ+1NFℓ+1/Fℓ(βℓ+1)dℓ+1
NFℓ+1/Fℓ(βℓ+1)
dℓ+1
=
(
β1
ℓ∏
s=2
βdss
NFs/Fs−1(βs)
)dℓ+1
.
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Thus we obtain by induction hypothesis that for each index 1 ≤ k ≤ ℓ
(11) Fk = F0(NFℓ/Fk(NFℓ+1/Fℓ(β))
n) = F0(NFℓ+1/Fk(β)
n) for any nonzero integer n.
On the other hand, since Fℓ+1/F0 is an abelin extension, so is F0(β
n)/F0 by Galois theory.
This fact implies that F0(β
n) contains NFℓ+1/Fℓ(β)
n, and we derive that
F0(NFℓ+1/Fℓ+1(β)
n) = F0(β
n)
= F0(β
n)(NFℓ+1/Fℓ(β)
n)
= Fℓ(β
n) by (11) with k = ℓ
= Fℓ
((
β1
ℓ+1∏
s=2
βdss
NFs/Fs−1(βs)
)n)
= Fℓ(β
dℓ+1n
ℓ+1 )
= Fℓ+1 by (10).
Hence the assertion is also true for t = ℓ+ 1. This complete the proof.
Example 4.3. LetK be an imaginary quadratic field other thanQ(
√−1) andQ(√−3),
and let θK be as in (5). For a sequence of integers N1, N2, . . . , Nt (t ≥ 1) such that
2 ≤ N1 and N1|N2| · · · |Nt,
consider a tower of class fields
K ≤ K(N1) ≤ K(N2) ≤ · · · ≤ K(Nt).
For each index 1 ≤ k ≤ t and any nonzero integer n, the special value g[ 0
1/Nk
](θK)12Nkn
is an algebraic integer which generates K(Nk) over K by Lemmas 3.4(i) and 3.2(iii). Thus
the element
β = g[ 0
1/N1
](θK)12N1
t∏
s=2
g[ 0
1/Ns
](θK)12Ns[K(Ns):K(Ns−1)]
NK(Ns)/K(Ns−1)
(g[ 0
1/Ns
](θK)12Ns)
satisfies
K(Nk) = K(NK(Nt)/K(Nk)(β)
n) (1 ≤ k ≤ t)
by Theorem 4.2. Moreover, by Lemma 3.3 and (4), each denominator in the above ex-
pression of β can be rewritten as
NK(Ns)/K(Ns−1)
(g[ 0
1/Ns
](θK)12Ns) =
∏
[u−Bv −Cvv u ]∈Ws/{±I2}
g[ v/Ns
u/Ns
](θK)12Ns ,
where min(θK ,Q) = x
2 + Bx+ C ∈ Z[x] and
Ws =
{
γ =
[
u− Bv −Cv
v u
]
∈ GL2(Z/NsZ) | u, v ∈ Z/NsZ, γ ≡ ±I2 (mod Ns−1)
}
.
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Remark 4.4. Let f be a nontrivial integral ideal of K. In 1964 Ramachandra ([11,
Theorem 10]) constructed a theoretically beautiful universal generator of Kf with respect
to relative norm by applying Kronecker’s limit formula. His generator, however, seems to
involve overly complicated products of high powers of singular values of the Klein forms
and the modular discriminant function.
5 Normal bases
Let U/L be an abelian extension of number fields with d = [U : L] (≥ 2) and G =
Gal(U/L) = {g1 = id, g2, . . . , gd}. Take a nonzero algebraic integer α which generates U
over L. For each pair of
χ ∈ Ĝ and 0 ≤ m ≤ d− 1,
we let
S(χ,m) =
d∑
k=1
χ(g−1k )α
m
k with αk = α
gk .
Then it is an algebraic integer in U(ζd).
Lemma 5.1. For a given character χ ∈ Ĝ, at least one of
S(χ, 0), S(χ, 1), . . . , S(χ, d− 1)
is nonzero.
Proof. On the contrary, assume that
S(χ, 0) = S(χ, 1) = · · · = S(χ, d− 1) = 0.
Then, we derive that
S(χ, 0)
S(χ, 1)
...
S(χ, d− 1)
 =

∑d
k=1 χ(g
−1
k )α
0
k∑d
k=1 χ(g
−1
k )α
1
k
...∑d
k=1 χ(g
−1
k )α
d−1
k
 =

α01 α
0
2 · · · α0d
α11 α
1
2 · · · α1d
...
...
. . .
...
αd−11 α
d−1
2 · · · αd−1d


χ(g−11 )
χ(g−12 )
...
χ(g−1d )
 =

0
0
...
0
 .
Now that ∣∣∣∣∣∣∣∣∣∣
α01 α
0
2 · · · α0d
α11 α
1
2 · · · α1d
...
...
. . .
...
αd−11 α
d−1
2 · · · αd−1d
∣∣∣∣∣∣∣∣∣∣
=
∏
1≤i<j≤d
(αj − αi) 6= 0
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by the Vandermonde determinant formula, we attain
χ(g−11 )
χ(g−12 )
...
χ(g−1d )
 =

0
0
...
0
 ,
which is impossible. Therefore, at least one of
S(χ, 0), S(χ, 1), . . . , S(χ, d− 1)
must be nonzero as desired.
Let
Ĝ = {χ1, χ2, . . . , χd}.
For each pair of
χi ∈ Ĝ and 0 ≤ m ≤ d− 1,
let
N(χi, m) = |NU(ζd)/Q(S(χi, m))|.
For a sequence of these d 2 nonnegative integer
N(χ1, 0), N(χ2, 0), . . . , N(χd, 0),
N(χ1, 1), N(χ2, 1), . . . , N(χd, 1),
. . . , . . . , . . . , . . . ,
N(χ1, d− 1), N(χ2, d− 1), . . . , N(χd, d− 1),
take a sequence of d 2 positive integers
M(χ1, 0),M(χ2, 0), . . . ,M(χd, d− 1)
as in the proof of Lemma 2.1. Here we observe that if S(χi, m) 6= 0, then M(χi, m) ≥ 2
by the property (i) in Lemma 2.1.
Lemma 5.2. An element u ∈ U is a normal element for U/L if and only if
d∑
k=1
χ(g−1k )u
gk 6= 0 for all χ ∈ Ĝ.
Proof. See [3, Proposition 2.3].
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Theorem 5.3. The element
β =
d−1∑
m=0
( d∑
i=1
1
M(χi, m)
)
αm
is a normal element for U/L.
Proof. Let χ ∈ Ĝ. By Lemma 5.1 we have
S(χ, t) 6= 0 for some integer 0 ≤ t ≤ d− 1.
Suppose on the contrary that
d∑
k=1
χ(g−1k )β
gk = 0.
Since
0 =
d∑
k=1
χ(g−1k )
d−1∑
m=0
( d∑
i=1
1
M(χi, m)
)
αmk
=
1
M(χ, t)
d∑
k=1
χ(g−1k )α
t
k +
d∑
k=1
∑
0≤m≤d−1,1≤i≤d
(χi,m)6=(χ,t)
1
M(χi, m)
χ(g−1k )α
m
k
=
1
M(χ, t)
S(χ, t) +
d∑
k=1
∑
0≤m≤d−1,1≤i≤d
(χi,m)6=(χ,t)
1
M(χi, m)
χ(g−1k )α
m
k ,
we get by multiplying
∏
0≤m≤d−1,1≤i≤dM(χi, m) that
S(χ, t)
∏
0≤m≤d−1,1≤i≤d
(χi,m)6=(χ,t)
M(χi, m) =M(χ, t) · (an algebraic integer).
It then follows from the fact
gcd
( ∏
0≤m≤d−1,1≤i≤d
(χi,m)6=(χ,t)
M(χi, m),M(χi, t)
)
= 1
that M(χ, t) (≥ 2) must divide S(χ, t), and hence it also divides the positive integer
N(χ, t) = |NU(ζd)/Q(S(χ, t))|. However, the fact
gcd(M(χ, t), N(χ, t)) = 1
gives rise to a contradiction.
Therefore, we conclude by Lemma 5.2 that β forms a normal basis for U/L.
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Example 5.4. Let K be an imaginary quadratic field of discriminant dK other than
Q(
√−1) and Q(√−3). Let θK be as in (5). For an integer N (≥ 2), the special value
g[ 0
1/N
](θK)12N generates K(N) over K by Lemma 3.2(iii), and is an algebraic integer by
Lemma 3.4(i). One can then apply Theorem 5.3 to the case where U = K(N), L = K,
G = Gal(K(N)/K), Ĝ = {χ1, χ2, . . . , χd} and α = g[ 0
1/N
](θK)12N , and hence
d−1∑
m=0
( d∑
i=1
1
M(χi, m)
)
g[ 0
1/N
](θK)12Nm
is a normal element for K(N)/K.
Remark 5.5. Jung et al. showed in [3] that g[ 0
1/N
](θK)−12Nℓ is a normal element for
K(N)/K for a sufficiently large positive integer ℓ. But, they couldn’t further express ℓ
precisely in terms of dK and N . In other words, they took ℓ so large that∣∣∣∣∣
(g[ 0
1/N
](θK)−12N )σ
g[ 0
1/N
](θK)−12N
∣∣∣∣∣
ℓ
≤ 1
[K(N) : K]
for all σ ∈ Gal(K(N)/K) with σ 6= id.
6 Integrality of weakly holomorphic modular func-
tions
Let N be a positive integer and h ∈ FN be weakly holomorphic (that is, h is holomorphic
on H). As we have seen in §3, Examples 4.3 and 5.4, the integrality of special values of
h plays an important role of finding concrete and nontrivial examples. In this section we
shall show that the integrality of special values of h at all imaginary quadratic arguments
implies the integrality of h over Z[j] as a function.
Lemma 6.1. (i) Let f ∈ F1(ζN). If it is weakly holomorphic, then it is a polynomial
of j over Q(ζN).
(ii) For any imaginary quadratic argument θ ∈ H, j(θ) is an algebraic integer.
Proof. (i) See [8, Chapter 5, Theorem 2].
(ii) See [8, chapter 5, Theorem 4].
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Let K be an imaginary quadratic field of discriminant dK , and let θK be as in (5).
We denote the class number of K by h(K), that is, h(K) = [HK : K]. Due to Siegel and
Deuring we have the following lemma.
Lemma 6.2. (i) h(K)→∞ as |dK| → ∞.
(ii) If p is any prime factor of |disc(j(θK), HK/K)|, then it does not split in K, equiv-
alently, (dK
p
) 6= 1.
Proof. (i) See [14].
(ii) See [2] or [8, §13.4].
Remark 6.3. Note that j has integer Fourier coefficients with respect to q = e2πiτ [8,
p.45]. So, j(θK) is a real algebraic integer by the definition (5) and Lemma 6.1(ii), and
hence min(j(θK), K) has integer coefficients.
Lemma 6.4. Let m and N be positive integers, and consider a function
(12) g(τ) = cmj(τ)
m + · · ·+ c1j(τ) + c0 ∈ Q(ζN)[j(τ)].
Assume that g(θ) is an algebraic integer for every imaginary quadratic argument θ ∈ H.
Then g(τ) belongs to Z[ζN ][j(τ)].
Proof. We can take a sufficiently large prime t such that −t ≡ 1 (mod 4) and
h(K) ≥ m+ 1, when K = Q(√−t), by the Dirichlet theorem and Lemma 6.2(i). Let
j(θ1), j(θ2), . . . , j(θh(K))
be Galois conjugates of j(θK) over K (here, θK is an element of H depending on K as
given in (5)), where θk ∈ H (k = 1, 2, . . . , h(K)) give rise to ideal class representatives
[θk, 1] of K. Setting τ = θk (k = 1, 2, . . . , m + 1) in (12) we get a linear system (in
unknowns c0, c1, . . . , cm)
1 j(θ1) · · · j(θ1)m
1 j(θ2) · · · j(θ2)m
...
...
. . .
...
1 j(θm+1) · · · j(θm+1)m


c0
c1
...
cm
 =

g(θ1)
g(θ2)
...
g(θm+1)
 .
Observe that all entries of the augmented matrix of the linear system are algebraic integers
by Lemma 6.1(ii) and the hypothesis. Furthermore, since the determinant of the coefficient
matrix is given by ∏
1≤ℓ<k≤m+1
(j(θk)− j(θℓ))
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by the Vandermonde determinant formula, we deduce that
(13) c0, c1, . . . , cm ∈ 1
D
Z[ζN ], where D = |disc(j(θK), HK/K)|.
Let s1, s2, . . . , sν be all prime factors of D. Then one can also take a suitably large
prime v such that −v ≡ 1 (mod 4) and −v ≡ 1 (mod sk) for all k = 1, 2, . . . , ν, and
h(L) ≥ m+ 1 with L = Q(√−v). In exactly the same way as above we achieve that
(14) c0, c1, . . . , cm ∈ 1
M
Z[ζN ], where M = |disc(j(θL), HL/L)|.
Now, let p be a prime factor of D so that p = sk for some index 1 ≤ k ≤ ν. We then
abeliannumberfields(revised).pdfobtain(
dL
p
)
=
(−v
sk
)
=
(
1
sk
)
= 1,
because −v ≡ 1 (mod 4) and −v ≡ 1 (mod sk). Thus p does not divide M by Lemma
6.2(ii), and hence we get gcd(D,M) = 1. Considering prime ideal factorizations in Z[ζN ]
we readily deduce from (13) and (14) that c0, c1, . . . , cm lie in Z[ζN ]. Therefore, we ac-
complish the lemma.
Remark 6.5. Lemma 6.4 is obvious when m = 0.
Let N be a positive integer. The field FN is a Galois extension of F1(ζN) whose Galois
group is isomorphic to SL2(Z/NZ)/{±I2}. More precisely, an element γ in SL2(Z/NZ)/{±I2}
acts on f ∈ FN by
f γ = f ◦ γ˜,
where γ˜ is any preimage of the reduction SL2(Z)→ SL2(Z/NZ)/{±I2} that acts on H as
fractional linear transformation ([13, §6.2]).
Theorem 6.6. Let h ∈ FN be weakly holomorphic. Then, h is integral over Z[j] if
and only if h(θ) is an algebraic integer for any imaginary quadratic argument θ ∈ H.
Proof. Assume that h is integral over Z[j], so h satisfies
(15) hn + an−1h
n−1 + · · ·+ a1h + a0 = 0
for some ak = ak(τ) ∈ Z[j(τ)] (k = 0, 1, . . . , n− 1). Let θ ∈ H be imaginary quadratic. If
we set τ = θ in (15), then we get
(16) h(θ)n + an−1(θ)h(θ)
n−1 + · · ·+ a1(θ)h(θ) + a0(θ) = 0.
Since j(θ) is an algebraic integer by Lemma 6.1(ii) and ak(θ) (k = 0, 1, . . . , n − 1) are
polynomials of j(θ) over Z, we see from (16) that h(θ) is an algebraic integer, too.
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Conversely, assume that h(θ) is an algebraic integer for any imaginary quadratic ar-
gument θ ∈ H. Let SL2(Z/NZ)/{±I2} = {γ1, γ2, . . . , γm}. For each γk, let γ˜k be its
preimage under the reduction SL2(Z)→ SL2(Z/NZ)/{±I2}. Consider the polynomial
p(x) =
m∏
k=1
(x− hγk) =
m∏
k=1
(x− h ◦ γ˜k) = xm + bm−1xm−1 + · · ·+ b1x+ b0 ∈ F1(ζN)[x].
Since its coefficients bs = bs(τ) (s = 0, 1, . . . , m− 1) are symmetric polynomials of h ◦ γ˜k
(k = 1, 2, . . . , m) which are holomorphic on H, they are polynomials of j(τ) over Q(ζN )
by Lemma 6.1(i). Furthermore, let θ ∈ H be imaginary quadratic. Then, γ˜k(θ) (k =
1, 2, . . . , m) lie in H and are imaginary quadratic, too. And, it follows that (h ◦ γ˜k)(θ) =
h(γ˜k(θ)) are algebraic integers by our assumption, and hence their symmetric polynomials
bs(θ) (s = 0, 1, . . . , m − 1) are also algebraic integers. The result follows from Lemma
6.4.
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